A NOTE ON THE COMMUTATIVITY OF INVERSE LIMIT 

AND ORBIT MAP 



MAHENDER SINGH 

Abstract. We show that the inverse hmit and the orbit map commute 
for actions of compact groups on compact Hausdorff spaces. 



1. Introduction 

This note is motivated by the fohowing example of Bredon [1, p. 145]. Let 
S*^ be the 2-sphere identified with the unreduced suspension of the circle 
5^ = {z € C ; \z\ = 1}, and / : 5^ — > 5^ be the suspension of the map 
5^ — > 5"^, z 1-^ z^. Then / commutes with the antipodal involution on S"^. 
If S is the inverse limit of the inverse system 

then S/Z2 is homeomorphic to limMP^. 

We show that this can be generalized, that is, the inverse limit and the 
orbit map commute for actions of compact groups on compact Hausdorff 
spaces. The proof of the result is simple, but does not seem to be available 
in the literature. Before we prove the result, we recall basic notions that 
will be used throughout the note. By a map we mean a continuous function 
of topological spaces. 

An inverse system of topological spaces, denoted by {XcVTa, A}, consists 
of a directed set A, a family of topological spaces {Xa}a^\ and a collection 
of maps ttq : Xp for a < /3 in A satisfying: 

(1) it" : Xa Xa is the identity map for all a G A; 

(2) TTaTTp = ttZ for all o < /? < 7 in A. 

The maps ttq are called bonding maps. Given an inverse system {Xa, 7rf , A} 
of topological spaces, let limXa (possibly empty) be the subset of n^gA^a 

consisting of elements (xa) such that Xa = 7ra(x^) for a < /?. It is given the 
subspace topology from the product space Ua^AXa and is called the inverse 
limit of the inverse system {XcTTq, A}. We denote by iTf^ : lim Xp, — > Xp, 
the restriction of the canonical projection UaeAXa — > X^. The following 
basic results are well known. 
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Theorem 1.1. [21 p. 217] The inverse limit of an inverse system of non- 
empty compact Hausdorff topological spaces is a non-empty compact Haus- 
dorff topological space. 

Theorem 1.2. [21 p. 219] Let X he a topological space and {XQ,7ra,A} he 
an inverse system of topological spaces. If for each a G A there is a map 
ipa '■ X ^ Xct such that 'Ka^'p = for a < (3, then there is a unique map 
ij) : X ^ lim Xa . 

We refer the reader to [2] for more details on inverse systems. 

If {Ga,i/Q,A} is an inverse system of topological groups {va are topolog- 
ical group homomorphisms), then lim Gg is also a topological group with 

group operation [{go), {ha)) ^ {Oaha)- 

An action of a topological group G on a topological space X is a map 
G X X ^ X denoted by {g,x) g ■ x satisfying the following: 

(1) e ■ X = X for all X £ X, where e G G is the identity element; 

(2) g ■ {h ■ x) = gh ■ X for all g, h € G and x G X. 

We say that X is a G-space if there is an action of G on X. For each 
X (z X,x = {g-x \ g G} is called the orbit of x. There is associated with a 
G-space X, the orbit space X/G of all orbits. The canonical map X X/G 
given by X 1-^ 5; is called the orbit map. We say that G acts freely on X if 
for each x G X , g ■ x = x implies that g = e. We will use the following basic 
result. 

Theorem 1.3. [H p. 38] If G is a compact topological group acting on a com- 
pact Hausdorff topological space X, then X/G is also a compact Hausdorff 
topological space. 

Let X be a G-space, y be a H-space and u : G ^ H he a topological 
group homomorphism. Then a map f : X ^ Y is called z^-equivariant if 

f{g ■ x) = h'{g) ■ f{x) for all (7 G G and x G X. 

If both X and Y are G-spaces, then / is called G-equivariant. Note that the 
i/-equivariant map / induces a map / : X/G -^Y/H given by /(x) = /(x). 
If {Xa,7ra,A} is an inverse system of topological spaces and {Ga,t'a,A} is 
an inverse system of topological groups where each Xg is a Go-space and 
each bonding map -n^ is t'a-equivariant, then we get another inverse system 

{Xq/Gq,, TTa, A} by passing to orbit spaces. Also, under above conditions 
lim Xa is a lim Ga-space with the action given by 

• {xa) = (ga ■ Xa) for (^q,) G lim Gq, and (xq.) G limX„. 

The reader can consult [i\ for more details on group actions. 
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2. COMMUTATIVITY OF INVERSE LIMIT AND ORBIT MAP 

In view of the above discussion it is natural to ask, when is (lim X^) / (lim Go) 
homeomorphic to \im.{Xoi/Ga)- We present the following theorem in this di- 
rection. 

Theorem 2.1. Let {XQ,,7ra, A} he an inverse system of non-empty compact 

Hausdorff topological spaces and let {GQ,fa,A} be an inverse system of 
compact topological groups, where each Xa is a Ga-space and each bonding 
map tTq is Ua-equivariant. Further, assume that A has the least element X, 
G\ action on Xx is free and the bonding map is injective for each a G A. 
Then there is a homeomorphism 

: (limX„)/(limGa) ^ \im{Xa/Ga). 

We first prove the following simple lemma. 

Lemma 2.2. Let {Xa,7ra,A} be an inverse system of non-empty compact 

Hausdorff topological spaces and let {Go,fa,A} be an inverse system of 
compact topological groups, where each X^ is a Ga -space a,nd each bonding 
map TTa is Ua-equivariant. Then there is a closed continuous surjection 

^ : (limX«)/(limG«) ^ lim(X„/G„). 

Proof. Let X = lim Xa and G = lim Ga- Let -Kfj : X Xp and Ujj : G Gp 
be the canonical projections for each /? G A. Clearly each tt/j is i/^j-equivariant 
and therefore induces a map ip/^ : X/G — > Xp/Gp given by (xa) i— (note 
that V'/S = Tfja) • Also observe that for 7 < /? the diagram 

X/G Xp/Gp 

Xry j G' 

commutes. Therefore by Theorem 1.2, we have the map 

^ : X/G ^ lYm{Xa/Ga) 

given by (xq) i-^ (x^)- Clearly ifj is surjective. By Theorem 1.1 and Theorem 
1.3, we see that X/G is compact and lim(Xa/Ga) is Hausdorff. Therefore 
V' is a closed map. This completes the proof of the lemma. □ 

We now complete the proof of Theorem 2.1. 

Proof. It just remains to show that the map tp is injective. Suppose (aJ^) = 
(y^). This means ^ = for each a G A. Thus for a G A, we have 
Xa = Qa'ya and x\ = g\-y\ for some y„ G Ga and gx £ Gx- Since A G A is the 
least element, we have X < a and hence Tr'^{xa) = xx and Tr'^{ya) = y\. This 
gives Xx = T^xixa) = T^xida " 2/a) = ^xi^a) ' T^xiVoc) = ^iQa) ' and heucc 
9x-yx = ^xi9a) ■ yx- The freeness of Gx action on Xx implies gx = ^xida)- 
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Now, for A < a < /? we have v'^Va{g(i) = ^xid/s) = 9x- By injectivity of 

we get u^igp) = ga- Thus (ga) G G and (xa) = (ga ■ Va) = (ga) ■ (Va)- This 
shows that ^ is injective and hence a homeomorphism by Lemma 2.2. □ 

As a consequence we have the following corollary. 

Corollary 2.3. Let G be a compact topological group acting freely on a 
compact Hausdorff topological space X and let f : X ^ X be a G-equivariant 
map. Then for the inverse system 

••• ^ X ^ X ^ X 
(limX)/G is homeomorphic to \mi{X/G). 
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